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Abstract. Crepant resolutions of three-dimensional toric Gorenstein singularities are derived 
equivalent to noncommutative algebras arising from consistent dimer models. By choosing a 
special stability parameter and hence a distinguished crepant resolution Y, this derived equiv- 
alence generalises the Fourier-Mukai transform relating the G-Hilbert scheme and the skew 
£C) • group algebra C[x, y, z] * G for a finite abelian subgroup of SL(3, C). We show that this equiv- 

alence sends the vertex simples to pure sheaves, except for the zero vertex which is mapped 
to the dualising complex of the compact exceptional locus. This generalises results of Cautis- 
Logvinenko [6 and Cautis-Craw-Logvinenko \5\ to the dimer setting, though our approach is 
different in each case. We also describe some of these pure sheaves explicitly and compute the 
support of the remainder, providing a dimer model analogue of results from Logvinenko |24j . 
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1. Introduction 



< 

1.1. Background. The McKay correspondence for a finite subgroup G C SL(2, C) is a bijection 
between the irreducible representations of G and an integral basis of the cohomology on the 
minimal resolution Y of C 2 /G. Building on the original geometric construction by Gonzalez- 
Sprinberg-Verdier [13], Kapranov-Vasserot [2T] deduced the bijection from a derived equivalence 



> ! (1.1) D b (mod-A) — ► D b (coh(Y)) 

VO 

between the bounded derived category of finitely generated modules over the skew group algebra 
A = C[x,y] * G and the bounded derived category of coherent sheaves on Y. The equivalence 
sends the simple j4-modules associated to the nontrivial irreducible representations of G to pure 
sheaves supported on the irreducible components of the exceptional fibre of the resolution. For 
a finite subgroup G C SL(3,C), Bridgeland-King-Reid [3] established a derived equivalence of 
the form (jl.ip between the skew group algebra A = C[x, y, z] * G and a distinguished choice of 
crepant resolution of C 3 /G, namely the G-Hilbert scheme Y = G-Hilb(C 3 ). Further work of 
Bridgeland [2] determines a derived equivalence for any other projective crepant resolution, but 
the G-Hilbert scheme nevertheless provides a particularly nice choice. 

One illustration of the special nature of G-Hilb(C 3 ) is provided by the Geometric McKay 
correspondence of Cautis-Logvinenko [6J. When C 3 /G has a single isolated singularity (so G is 
abelian), the equivalence \£ sends the simple A- module S p associated to a nontrivial irreducible 
representation p of G to a pure sheaf on Y; this statement is false in general for Y ^ G-Hilb(C 3 ). 
Subsequent work of Logvinenko [M] showed that the support of the pure sheaf ^(S p ) is either 
an irreducible exceptional divisor, a single (—1, — l)-curve or a chain of exceptional divisors in 
G-Hilb(C 3 ) and, moreover, the locus is determined by the role that p plays in Reid's recipe (see 
[261 Section 6] and Section 3]). More generally, for any finite abelian subgroup G C SL(3, C), 
Cautis-Craw-Logvinenko [5] use Reid's recipe to compute explicitly the object ^(S p ) for any 



irreducible representation p of G. The goal of the present paper is to generalise the results from 
[UJ [23] , in addition to some results from [3] , to any Gorenstein toric 3- fold singularity. 

1.2. Main results. A dimer model is a polygonal cell decomposition of a real two-torus where 
each edge is oriented in such a way that the cycle on the boundary of each face is oriented. The 
vertices and oriented edges define a quiver Q, while the cycles around the boundary of each 
face give the terms (up to sign) in a potential W, and the Jacobian algebra A is defined to be 
the quotient of the path algebra of Q by the ideal of relations generated by the formal cyclic 
derivatives of W with respect to the arrows in Q. If the dimer model satisfies a consistency 
condition, then A is a noncommutative crepant resolution of its centre Z(A), which is the 
coordinate ring of a 3-dimensional toric Gorenstein singularity. 

Every projective, crepant resolution of the singularity X = SpecZ(^4) is obtained as a fine 
moduli space of 0-stable representations of A with dimension vector (1, . . . , 1). While any generic 
stability parameter 9 will do, here we fix once and for all a vertex of Q and define a special 
parameter $ so that an A-module is ^-stable if and only if it is cyclic with generator 0. The 
resulting moduli space Y = M.$ comes with a tautological bundle of ^-stable representations 
T, and the dual bundle T v = TLome Y {T, Gy) determines an equivalence of derived categories 

(1.2) *(-) := T v % A - : D b (mod-A) — ► £> 6 (coh(y)). 

In the special case where the dimer model tiles the torus with triangles, then A is the skew 
group algebra for a finite abelian subgroup G C SL(3, C) as in [HJ Section 10.2]. If our chosen 
vertex in Q comes from the trivial representation of G, then Y is the G-Hilbert scheme and 
(|1.2p coincides with the derived equivalence (jl.ip from the McKay correspondence. 

Our first main result generalises [61 Theorem 1.1] and Proposition 5.6] to dimer models. 
To state this result, let S{ denote the simple ^4-module corresponding to vertex i in Q. Also, let 
r: Y — > X denote the crepant resolution and write xq G X for the unique torus-invariant point. 

Theorem 1.1. Let Q be a consistent dimer model. Then: 

(i) for any vertex i / 0, the object ^(Si) is a pure sheaf, that is, it is quasi-isomorphic to 
a shift of a coherent sheaf; and 

(ii) the derived dual ^(So) v is quasi-isomorphic to the pushforward of T -ir Xo ) shifted by 3. 

Corollary 1.2. The object ^(Sq) is quasi-isomorphic to the dualizing complex of t~ 1 (xq). In 
particular, Vl/(5o) is a pure sheaf if and only ifr (xq) is equidimensional. 

Our methods of proof differ from those in both [6] and [5]. The first step presents the object 
^f(Si) explicitly by translating the standard projective resolution of the simple module Si into 
a complex of locally free sheaves on Y. For the zero vertex case, we use a description of T v in 
terms of weak paths in the quiver to write 'I'(S'o) as a complex of sheaves of weak paths, after 
which we need only calculate the cohomology on each toric chart to deduce Theorem ll.l( ii). 
from which Corollary 11.21 follows directly. 

Our proof of Theorem II .l( i) involves a geometric argument. Using the description of ^?{Si) as 
a complex of locally free sheaves onF, we compute the cohomology sheaves using the main result 
from Craw-Quintero-Velez [91 Theorem 1.1]. Our choice of the special stability parameter i? 
implies that the cohomology sheaves H k (^(Si)) vanish for all k ^ —1,0. It remains therefore to 
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show that if one of these cohomology sheaves is nonzero then the other must vanish. We achieve 
this by establishing the following link between objects ^(Si) that have nonvanishing cohomology 
in degree zero and certain walls of the GIT chamber containing the stability parameter $ (see 
Propositions 0T7] and 14. lip : 

Proposition 1.3. Let i G Qo be a nonzero vertex. The following are equivalent: 

(i) the sheaf H ^ (Si)) is nonzero; 

(ii) there exists a torus-invariant ^-stable A-module that contains Si in its socle; 

(iii) C n S^~ is a wall of the chamber C containing d. 

In this case, ^f(Si) = L^ 1 \z i , where Zi is the unstable locus of the wall C Pi S^~ . 

Proposition 11.31 implies that an object ^>(Si) with nonvanishing cohomology in degree zero 
has vanishing cohomology in every other degree, so Theorem ll.lf i) follows. We also prove 
(see Lemma 14. 8p that the unstable locus Zi of a wall of the form C n is either a single 
(— 1, — l)-curve or a connected union of compact torus-invariant divisors. In addition, we make 
two further remarks about this result: 

• The description of the support of the objects from Proposition 1 1 . 31 in terms of modules 
with a given vertex simple module in their socle extends to dimension three the charac- 
terisation by Crawley-Boevey |11[ Theorem 2] of the exceptional curves in the minimal 
resolution of C 2 /G for a finite subgroup G C SL(2,C). 

• Proposition 11.31 provides a straightforward method for computing the list of vertices for 
which ty(Si) has cohomology concentrated in degree zero: one can readily compute the 
set of torus-invariant ^-stable ^4-modules, and one need only inspect whether Si lies in 
the socle of one such module to decide whether C n S^~ is a wall of the chamber C and 
hence whether H°(V(Si)) is nonzero. 

Our results thus far say nothing about the object ^(Si) when its cohomology is concentrated 
in degree —1. In fact, H~ l ($?(Si)) is rather complicated in general (see Proposition l5.ip . and one 
benefit of our proof of Theorem 11.11 is that we avoid having to analyse this sheaf. To conclude, 
however, we adapt a result of Logvinenko [24j in order to prove that if the sheaf H~ 1 (^/(Si)) is 
nonzero, then its support is a connected union of compact, torus-invariant divisors. Together 
with the above results, this leads to the following dimer model analogue of the Geometric McKay 
correspondence in dimension three proven by Logvinenko [24} Theorem 1.1]: 

Theorem 1.4 (Geometric Reid's recipe for dimer models). Let Q be a consistent dimer model 
and let i be a vertex of Q. Then ^(Si) is quasi-isomorphic to one of the following: 

(i) L^ 1 restricted to a connected union of compact irreducible torus-invariant divisors; 

(ii) L^ 1 restricted to a compact torus-invariant curve; 

(iii) J-"[l] for a sheaf J- supported on a connected union of compact torus-invariant divisors; 

(iv) the dualising complex of the compact exceptional locus t~ 1 (xq). 

As we saw above, the torus-invariant divisor or curve appearing in Theorem ll.4f i)-(ii) is the 
unstable locus Zi of a GIT wall of the form C n S^~ 

1.3. Future directions. It is natural to seek a precise description of the pure sheaves ^f(Si) in 
degree —1 from Theorem II. 4f iii). However, even for the McKay quiver case, the description of 
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the pure sheaves that he in degree —1 from Cautis-Craw-Logvinenko |5, Theorem 1.2] relies on 
the original combinatorial version of Reid's recipe (see [Ml Section 6] and Section 3]) that 
associates a nontrivial irreducible representation of G to every compact torus-invariant curve 
and surface in G-Hilb(C 3 ). In fact, even the precise description of the support of these objects 
by Logvinenko [24\ Theorem 1.2] was phrased in terms of combinatorial Reid's recipe. The 
combinatorial version of Reid's recipe for dimer models is the subject of forthcoming work by 
Tapia Amador |27] , where nonzero vertices of Q are associated to every compact torus- invariant 
curve and surface in Y = The results thus far are compatible with Theorem ll.4l a vertex i 
in Q labels a compact torus-invariant surface S C Y if and only if S is contained in the support 
of fy(Si) as in Theorem 11.4( 1): and i labels a unique compact torus-invariant curve £ C Y if 
and only if t coincides with the support of ^(Si) as in Theorem ll.4f ii). We anticipate that the 
results from [27] will lead in due course to a precise description of the pure sheaves VP (Si) in 
degree —1, but the details from [5] suggest that this will not be straightforward. 

As a final remark, recall Conjecture 1.2 from Cautis-Logvinenko [6]: for a finite, non-abelian 
subgroup G C SL(3,C), the objects ^(S p ) on the G-Hilbert scheme arising from any (nontrivial) 
representation p of G are pure sheaves. Proposition 11.31 suggests that the following addition to 
this conjecture might be true: 

Conjecture 1.5. The object ^(S p ) is a pure sheaf in degree if and only if C n is a wall 
of the chamber C defining G-Hilb(C 3 ) ; in which case ^f(S p ) = L y p \z p where Z p is the unstable 
locus of the wall C H . 

Certainly, an improved understanding of variation of GIT quotient for G-Hilb looks to be 
important for extending Reid's recipe to the non-abelian case. 

Acknowledgements. The second author thanks Akira Ishii and Kazushi Ueda for a prelimi- 
nary draft of their preprint [19] . Thanks also to Alastair King for a useful remark. The second 
and third authors were supported in part by EPSRC grant EP/G004048/1 

2. Preliminaries 

In this section we present standard definitions and results from the literature to establish our 
notation. Throughout, k denotes an algebraically closed field of characteristic zero. 

2.1. Quivers and superpotentials. A quiver Q is an oriented graph given by a finite set of 
vertices Qo, a finite set of arrows Qi, and maps h,t: Qi — > Qo indicating the vertices at the 
head and tail of each arrow. We assume throughout that the underlying graph is connected. A 
path in Q of length k > 1 is a sequence p = a& • • • a\ of arrows such that h(oj) = t(aj+i) for 
1 < j < k. We set h(p) = h(ofc), t(p) = t(ai) and supp(p) = {ai, . . . , a^}. In addition, each 
vertex i € Qo determines a trivial path ei with h(ej) = t(ej) = i. A cycle in Q is a nontrivial 
path p in which h(p) = t(p). The path algebra kQ associated to Q is the k-algebra whose 
underlying vector space has basis the set of paths in Q, where the product of paths is given 
by the concatenation if possible, and zero otherwise. A relation for the quiver Q is a non-zero 
k-linear combination of paths of length at least 2 having the same head and tail. If p is a set 
of relations on Q, the pair (Q,p) is called a quiver with relations. Associated with (Q,p) is 
the k-algebra A = kQ/ (p), where (p) denotes the two-sided ideal in kQ generated by the set of 
relations p. 
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Let Q be a quiver with cycles and let [kQ,kQ] denote the k- vector space spanned by all 
commutators in kQ. The quotient kQ cyc := kQ/[kQ, kQ] has a basis corresponding to all cycles 
in Q up to cyclic shifts. Elements of kQ cyc are called superpotentials of Q. For a G Qi and for 
each cycle p = ■ ■ ■ a\ in Q, define the cyclic derivative d a p by setting 

k 

daP ■= ^2^a, ai ai-i ■ ■ ■ aia k ■ ■ ■ a i+ i, 

i=l 

where 5 a ^ ai is the Kronecker delta. Extending this by linearity to kQ cyc defines a k-linear map 
d a : kQ cyc - > kQ. Given a superpotential W G kQ cyc , each element d a W G kQ is a k-linear 
combination of paths in Q that share the same head and tail, so we obtain an ideal of relations 
{d a W | a G Qi). The Jacobian algebra of the quiver Q with superpotential W is defined to be 

A := kQ/(d a W \ a G Qi). 

In this article we consider only a particularly well behaved class of quivers with superpotentials 
that arise from consistent dimer models. 

2.2. Consistent dimer models. A dimer model is a quiver Q whose underlying graph provides 
a polygonal cell decomposition of the surface of a real two-torus, such that the cycle on the 
boundary of each face is oriented and has length at least 3. Assume in addition that every face 
of the dual cell decomposition is simply connected. Let Q2 denote the set of faces. For any face 
F G Q2, let Wf G kQ cyc be the cycle obtained by tracing all arrows around the boundary of F. 
Define the superpotential for Q to be 

fgQ 2 

where (— l)^ takes value +1 on faces oriented anticlockwise, and —1 on faces oriented clockwise. 
We write A for the Jacobian algebra of the quiver Q with superpotential W. 

The Jacobian algebra has a special central element uj = Y2ieQo Ci wnere c « * s a clockwise 
boundary cycle starting at i. The relations in (d a W \ a G Qi) ensure that uj is central in A and 
does not depend on the particular choice of cycles Cj. To a dimer model we can also associate 
its weak Jacobian algebra by inverting uj: 

A:= A g) k [ w ] k[w,w -1 ]. 

Equivalently, this algebra can be obtained by inverting all the arrows. More precisely, define 
the double quiver Q to be the quiver obtained from Q by introducing an extra arrow a -1 in the 
opposite direction for each a G Qi. A path in the quiver Q is called a weak path. Then 

A = kQ/(d a W, aa' 1 - e h ( a ),a _1 a - e t(a) | a G Qi). 

A dimer model is said to be consistent if the standard localisation map A — > A is injective. 

Remark 2.1. The literature contains several notions of consistency for dimer models. We work 
with the cancellation property of Mozgovoy-Reineke [2S] and studied further by Davison |12| . 
Bocklandt pQ showed that the cancellation property is equivalent both to algebraic consistency 
introduced by Broomhead [1], and to the existence of a 'consistent R-charge' as studied by 
Kennaway [22]. Moreover, p], Lemma 7.4] shows that every such dimer model Q carries a perfect 

matching, in which case Ishii-Ueda [18] implies that the cancellation property is equivalent both 
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to Q being property ordered in the sense of Gulotta [Hj and to the notion of consistency from 
Ishii-Ueda [181 Definition 3.5]. In short, all of the above notions of consistency are equivalent. 

The following result is due to Broomhead |_L Lemma 5.6]. 

Proposition 2.2. For each (algebraically) consistent dimer model Q, the centre Z(A) of the 
corresponding Jacobian algebra A is a Gorenstein semigroup algebra. 

2.3. Moduli of quiver representations. A representation V of a quiver Q is a collection 
{Vi | i G Qo} of finite dimensional k- vector spaces and a collection {v a : V t f a -\ — > V^ a ) | a € Qi} of 
Ik-linear maps. The dimension vector a G of such a representation is given by oti = dim(V^). 
It is convenient to write a representation V of dimension vector 1 := (1,1,..., 1) simply as the 
tuple of scalars V = (v a )aeQi- 

If V, V' are two representations of Q, then a morphism /: V — > V' is a collection of k-linear 
maps {fi : Vi — > V( \ i G Qo} such that v' a f t r a -\ = fu( a ) v a for all a G Qi. In the presence 
of relations, a representation of the pair (Q, p) is a representation V of Q such that for each 
relation r £ p, the corresponding linear combination of k-linear maps from V t r r \ to Vu r ) is 
zero. The abelian category of representations of (Q, p) is equivalent to the category of finite- 
dimensional left modules over the quotient algebra A = kQ/(p), and we let mod- A denote this 
category. Each vertex i G Qo defines a simple object Si = ke^ in mod- A called the vertex simple 
for i G Qo; as a representation of Q, this has Vi = k and Vj = for j ^ i, where the maps f a 
are zero for all a € Qi. In general these are not the only simple objects of mod- A 

Consider the rational vector space 

e = {0GHom(Z Qo ,Q) |E ieQo ^ = o}. 

Given a representation V of Q, define 9(V) := E ig Q 0% dimt(Vi) for 9 G 0. A representation V 
of dimension vector 1 = (1, 1, . . . , 1) is 9-semistable if every subrepresentation V C V satisfies 
9(V) > 0, and it is 9-stable if 0(V) > for every nonzero, proper subrepresentation V C V. In 
the presence of relations and for the algebra A = kQ/(/o), the equivalence of abelian categories 
from above gives us a notion of ^-stability for A-modules. We say that 9 G is generic if every 
0-semistable representation is ^-stable. For 9 G G, King |23j constructs the coarse moduli space 
Me of S-equivalence classes of 0-semistable A- modules of dimension vector 1 using geometric 
invariant theory. Our primary interest lies with generic 9 G G, in which case Ai$ coincides with 
the fine moduli space Mq of isomorphism classes of ^-stable A-modules of dimension vector 1. 

Since Ai$ represents a functor, it carries a universal family of ^-stable ^-modules of dimension 
vector 1, namely a tautological locally free sheaf 

T = (B Lu 

«eQo 

where Li has rank one for all i G Qo, together with a tautological k-algebra homomorphism 

4>: A -> End fi Mg {T). 

For each closed point y G A4$, let V y denote the ^-stable ^4-module obtained by restricting the 
tautological maps 4>{a) : -^t(a) ~~ ► -^h(a) f° r o G Qi to the fibre of the tautological bundle T over 
the point y G Me- As King [23, Proposition 5.3] notes, there is an inherent ambiguity in the 
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construction of T. To remove this ambiguity, we distinguish once and for all a vertex of the 
quiver that we denote € Qo, and we normalise the tautological bundle by fixing Lq = Gj^ e . 

2.4. Crepant resolutions and tilting bundles. In a series of papers, Ishii-Ueda [16|. I17| . [19] 
study the fine moduli spaces Aig for the Jacobian algebra A of a consistent dimer model. Here 
we recall some of their main results; our statement of part (i) differs slightly from that in the 
original paper, see the remarks below. 

Theorem 2.3 (Ishii-Ueda |16|. [T7\ 119|). Let A be the Jacobian algebra of a consistent dimer 
model and write X = Spec Z(A). For 9 G generic: 

(1) the moduli space Aig is a crepant resolution of the singularity X ; 

(ii) the tautological k-algebra homomorphism 4>: A — > End^ A1fl (T) is an isomorphism; and 

(iii) the tautological bundle T on Aig is a tilting bundle. 

Remarks 2.4. (1) Ishii-Ueda |16j assume only that the dimer model is nondegenerate in 
order to deduce that Aig is a crepant resolution for generic 9 E (consistent dimer 
models are shown to be nondegenerate in [17\ Proposition 7.1]). In fact, they prove 
that Aig is a crepant resolution of (the normalisation of) the closure X' of a three- 
torus (Ik*) 3 in M.q. Craw-Quintero-Velez [9] subsequently gave a GIT construction of 
a toric subvariety Yg Q Aig for arbitrary 9 £ such that Yg = Aig for generic 9 S 0, 
and X = Yq = X' . In particular, X' is normal, and for generic 9 £ we obtain a 
commutative diagram 

Y e Mg 

re 

x ► M) 

where the horizontal map is a closed immersion and the vertical maps are projective 
morphisms obtained by variation of GIT quotient. In particular, r: Aig — > X' from [16] 
coincides with the morphism tq : Yg — > X obtained by variation of GIT quotient. 

(2) For i,j € Qo, the space ejAei is spanned by classes of paths in Q from i to j. Under 
the isomorphism from Theorem I2.3f ii). the image of ejAei is Hom(Lj,Lj) which, by an 
unfortunate consequence of the notation for Horn spaces, is ej End(T)ej. In particular, 
H°(Lj) is isomorphic to the space ejAeo of classes of paths in Q from to i. 

(3) Let F G Q2 be a face and let i £ Qo be any vertex through which the cycle Wf € lkQ cyc 
passes. The zero-locus of the map <P(Wf) : Li Li is the union of all torus-invariant 
divisors in Aig, each with multiplicity one, see \17\ Lemma 4.1]. 

(4) That T is a tilting bundle means in particular that the functors 

RHom^ e (T,-): D b (coh{Aig)) —> D b {mod-A op ) 

and 

-® A T: D h {mod-A°v) — > D b (coh(Y)). 

provide mutually inverse equivalences between the bounded derived category of coherent 
sheaves on Aig and the bounded derived category of finite-dimensional left j4 op -modules. 
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Example 2.5. Let Q denote the McKay quiver of a finite abelian subgroup G C SL(3,C), and 
let A = C[x, y, z] * G be the skew group algebra. The vertex set Qo is the set of isomorphism 
classes of irreducible representations of G. If we choose the zero vertex to be the trivial represen- 
tation, then Ito-Nakajima [2D] observed that the fine moduli space of ^-stable ^4-modules 
coincides with Nakamura's G-Hilbert scheme for any i)e6 satisfying $j > for i ^ 0. 

3. Computing images of vertex simples 

In this section we introduce the crepant resolution and the derived equivalence that we study 
throughout this paper. We describe the images of the vertex simples in terms of the tautological 
line bundles and the higher quiver of the dimer model, and we describe explicitly the cohomology 
sheaves of this object. 

3.1. The special stability condition and the dual tilting bundle. Let Q be a consistent 
dimer model on a real 2-torus with superpotential W and Jacobian algebra A. One of the goals 
of this paper is to generalise to the dimer setting existing results on the G-Hilbert scheme for 
a finite abelian subgroup G C SL(3, C). To do so, we consider a stability condition of the form 

(3.1) •& = G 6 satisfying tfj > for i ^ 0, 

and hence < 0. Every such $ is generic, and we let Y := Ad$ denote the fine moduli space of 
^-stable ^4-modules of dimension vector 1. Theorem 12.31 gives a projective, crepant resolution 
r: Y — > X = Spec Z (A). The next result characterises ^-stability combinatorially. 

Lemma 3.1. Let V be a representation of Q defining an A-module of dimension vector 1, and 
let xq G X denote the unique torus-invariant point. Then: 

(i) V is ^-stable iffV admits a nonzero path from to every other vertex i G Qo; and 

(ii) y £Y lies in t~ 1 (xq) if and only if all maps in V y with head at vertex are zero. 

Proof. Part (i) is immediate from the definition of i9-stability and the fact that the dimension 
vector is 1. For part (ii), write V y = (f a )aeQi f° r the ^-stable representation corresponding to 
y £Y. The centre of A is isomorphic to eoAeo, so every central element defines a cycle c passing 
through vertex 0. We have r(y) = if and only if for every any nontrivial central element in A, 
the corresponding cycle c satisfies ria'esupp(c) v a' = 0. Choose any arrow a G Qi with head at 
vertex and set i = t(a). By part (i), V y admits a nonzero path p from to i, so v a ^ if and 
only if the cycle pa through vertex satisfies ria'esupp(pa) v a' = 0- This proves the result. □ 

Theorem 12.31 implies that the tautological bundle T on Y is tilting, but our interest lies 
primarily with the derived equivalence induced by the dual bundle T v = T-Lom& Y (T, Gy). 

Lemma 3.2. Let T denote the tautological bundle onY = AA^. Then 

(i) there is an isomorphism of ^-algebras </> v : A op — > End^y(T v ); 

(ii) the dual bundle T v = ©j e Q L^ 1 is a tilting bundle on Y ; and 

(iii) the induced equivalence of derived categories 

RHom^(T v , -) : D b (coh(Y)) — > D b (mod-A) 
sends L^ 1 to the indecomposable projective A-module Aei for each i G Qo- 
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Proof. Reversing the orientation of every arrow in Q produces a consistent dimer model Q op 
with Jacobian algebra A op . To make the distinction between Q and Q op explicit, we temporarily 
write Mfi(Q) for A4$. Since the stability parameter — •& is generic for Q op , we may form the fine 
moduli space A4-$(Q op ) of — -^-stable A op -modules with dimension vector 1. The underlying 
varieties A^_^(Q op ) and Y = M$(Q) are isomorphic, but since the zero vertex defines the 
trivial line bundle on every moduli space, passing from A to A op amounts to replacing each 
tautological line bundle Lj by its inverse L^ . Thus, the tautological bundle on _M-.#(Q op ) is 
T v = ©j e Q L^ 1 . Applying Theorem 12.31 to A4-.g(Q, op ) establishes parts (i) and (ii), where we 
write the tautological isomorphism as </> v : A op — > End^ y (T v ). For part (in), the fact that T v 
is tilting implies that Ext^ y (LJ 1 , L^ 1 ) = for all k > and i, j E Qo, giving 

RHom^y (T v , LJ 1 ) ~ Hom, v (LJ 1 , Lr 1 ) Hom^ (L 4 ,T), 
j&Qo 

which is End^ y (T)ej by Remark 12. 4f ii). The isomorphism from Theorem l2.3H u) identifies this 
with the indecomposable projective A- module Aei. It remains to note that the codomain of the 
functor is D 6 (mod-^) because (A op ) op = A. □ 

Example 12.51 implies that the fine moduli space Y = M$ coincides with the G-Hilbert scheme 
when A = h[x, y,z] * G is the skew group algebra. The equivalance between mod- A and the 
category of G-equivariant coherent sheaves on identifies the indecomposable projective mod- 
ule Ae p associated to p £ Qo with the G-equivariant sheaf ^ A 3 (g> p, and the Fourier-Mukai 
transform <3? induced by the universal family on the G-Hilbert scheme studied by Bridgeland- 
King-Reid [3] satisfies ^(L" 1 ) = A 3 <g> p for every p € Qo, see Craw-Tshii [81 Section 2.4]. 
Therefore, when working with the moduli space Y = we can extend existing results on the 
McKay correspondence only when we consider the derived equivalence 

$(-) := RHom^(T v ,-): D 6 (coh(F)) — > D b (mod-A) 

induced by the dual T v of the tautological bundle. We choose to write the quasi-inverse as 

(3.2) ¥(-) := T v ® A - : D b (mod-A) — ► D b {coh(Y)) 

L 

rather than — (XUo P T v . Lemma f3.2H ui) shows that the derived equivalence ^ sends the projective 
A- module Aei to the line bundle L~ l for each i E Qo- 

3.2. Images of vertex simples. Let Y = A4$ be the fine moduli space defined by any stability 
parameter $ of the form (|3.ip and let ^/ denote the equivalence of derived categories from (|3.2p . 

We now describe the images under of the vertex simple ^4- modules S% := ke^ for i E Qo 
in terms of the tautological line bundles on Y. Applying the result of Mozgovoy-Reineke |25] 
to the consistent dimer model Q op introduced in the proof of Lemma 13.21 above shows that the 
minimal projective j4 op -module resolution of Si is 

Aei A Ae h ^ A ej -A Ae t — ► S t 

b: h—>i a: i—tj 

where uiba = (—l) bpa p if the path bpa is a term in W, and it is zero otherwise. 
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Lemma 3.3. For i € Qo, the object ^f(Si) is quasi-isomorphic to the complex 

6: h— H a: i-^j 

where the term in degree zero is underlined. 
Proof. We compute that 

= T v ® A S t <* T v ® A ie, A Ae h ^ Aej -A Ae,) . 

\ b: h—rt a: / 

This is the given complex because T v = © ie Q L~ , and because premultiplication by a: i — > j 
is postmultiplication by a op : j —> i which, under the isomorphism c/> v : A op — > End^y (T v ) from 
Lemma 13.21 corresponds to postcomposition with the map (j) v (a op ) : LJ 1 — > L^ 1 . □ 

The cohomology sheaves of the complex ^f(Si) from Lemma 13, 31 can be computed using the 
main result from Craw-Quintero-Velez [10]. To prove Theorem ll.4l we must compute H k (^(Si)) 
for all k £ Z. However, the description of H~ 1 (^(Si)) is rather complicated and our proof of 
Theorem 11.11 bypasses this calculation, so for now we describe only H k (^(Si)) for k ^ —1 and 
we defer the case k = — 1 to Proposition 15.11 Recall that the simple module Si lies in the socle 
of an A- module V y if and only if Si is a submodule of V y , in which case we write Si € soc(V^). 

Proposition 3.4. Fori € Qo, the cohomology sheaves H k (^f (Si)) vanish for all k {—2,-1,0}. 
In addition: 

(i) for k = and for the locus Zi = jy G Y \ Si C soc(V^)}, we have 

H°(^(Si)) = L~ l \z r 

(ii) for k = —2 and for Di the greatest common divisor of the zero loci of the maps (p v (b op ) 
for arrows b: h — > i in Q ; we have 

H-\^(Si))^L- l (Di)\ Di . 

In fact, H~ 2 (^(Si)) for i ^ 0. 

Proof. The complex from Lemma 13.31 satisfies H k (^(Si)) = for k {—3,-2,-1,0}. Since 
4> v (b op ) is never the zero map, the left-hand map in the complex is injective, so H~ 3 (^(Si)) = 0. 
To prove (i), the right-hand map in the complex is surjective everywhere except on the common 
zero locus Z 1 - of the maps (f> v (a) for a: i — > j, in which case the cokernel is the fibre of L" 1 over 
the given point. We claim that Zi = Z[. Indeed, the simple module Si is a submodule of a in- 
stable vl-module V y for y 6 Y if and only each morphism (p(a) : Li — > Lj for a: i j vanishes at 
y € Y which holds if and only if each (a op ) : LJ 1 — > L^ 1 for a: i — > j vanishes at y £ Y. This 
proves the claim and hence proves (i). For part (ii), the complex from Lemma [3. 3 1 is a 'wheel' of 
line bundles in the sense of Craw-Quintero-Velez [10J , so the description of H~ 2 (^(Si)) follows 
from \10\ Theorem 1.1(3)]. For the final statement, suppose H~ 2 (^(Si)) ^ for i ^ 0. Part 
(iii) implies that the zero loci of the maps </> v (6) for b: h — > i is nonempty. Thus, there exists 
y € Y for which the corresponding testable A-module V y has as one of it's generators. This 
forces i?j < for i / 0, a contradiction. □ 
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Remarks 3.5. (i) For a finite subgroup G C SL(2,C), Crawley-Boevey Theorem 2] 
characterises the exceptional curves in the minimal resolution of C 2 /G in terms of the loci 
parametrising modules that contain a simple module in their socle. Proposition I3.4f i) 
(and the stronger version Proposition 14.111 to follow) should be seen as an extension of 
this result to dimension three, 
(ii) The final statement in Proposition 13.41 explains our choice of the special stabililty pa- 
rameter $ G and hence our choice of the moduli space Y = A4$. 

3.3. The zero vertex case. In this section we compute the cohomology sheaves of the object 
Vl/(iSo) arising from the zero vertex. We show that the derived dual ^(5o) v = HMom^ (So) , &y) 
is a shift of the structure sheaf of the locus t~ 1 (xq) in Y. This implies that ^(So) 1S the dualising 
complex of the locus t~ 1 (xq). 

Let S(l) denote the set of one-dimensional cones in the fan of Y. For p G S(l), let E p C Y 
denote the corresponding torus-invariant divisor. Define a Z-grading deg p on A and A by setting 



deg (a) 



1 if the map <p(a) : £ t (a) — * ^h(o) vanishes on E p , 
otherwise. 



We obtain a Z^W-grading of both A and A by setting deg = (deg p ) pgS (i)- 

Let a" G S be a three-dimensional cone and write U a = A k for the corresponding toric chart in 
Y. Consider the (A, j4)-bimodule A a C A generated by all weak paths with nonnegative degree 
for divisors E p with p C ex. We can identify the coordinate ring t[U a ] of the chart U a with the 
ring Z(A a ) C Z(A) = k[Z 3 ] containing all central elements that have nonnegative degree for all 
divisors E p with p C a (because E p n U a ^ if and only if p C a). More generally, we have the 
following simple lemma: 

Lemma 3.6. Let a be any basic triangle in S. For any vertex i G Qo, we have 

T(U a , Li) = span k {u E eiAe \ deg p u > Vp C a] = eiA a e - 

Proof. By the above, the coordinate ring t[U a ] can be written as 

(3.3) r([/o-, &y) = span k {n G epAep | deg p u > Vp C a} = eoA a eo. 

Let Vo = (v a )a£Q 1 denote the torus-invariant testable ^4-module defined by the origin in the 
chart U a . Lemma l3~7lT i) gives a path p, from to i such that Ilaesuppfpi) v a 0- I n ^ct, for any 
point y G U a , the corresponding ^-stable A-module V y = (i> a )aeQi satisfies Ilaesuppfpi) v a 0. 
Thus, the restriction to U a of the corresponding map 4>(pi) G Hom(Loi-^j) is nowhere zero, so 
we obtain an isomorphism of line bundles Lo|l/ CT ~~ * I j i\u tT ° n the afflne chart U a , and hence an 
isomorphism of spaces of sections over JJ a . Under the identification of (|3.3p . this isomorphism 
of sections corresponds to composition with the path pi. This completes the proof. □ 

The same proof, using instead the isomorphism L^ l \u a Lo|[/ CT > gives 

T(U a , L^ 1 ) = span k {n G e Aei | deg p u > V> C a} = e A a ei. 

With this identification, the complex ^(Si) from Proposition 13.31 satisfies 

T(U a , = e A a ei (J) e A a e h (J) e A a ej -A epA^a , 

V b: h->i a: i-^j J 
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and the dual complex *$>(Si) v then satisfies 

r(U a ,^(Si) v ) = leiA a e ^— e h A a e ejA a e ejA^ep 

\ b: h^fi a: i-^j 

We now show that for i = and for the stability condition ??, the object *$>(Si) v is a pure sheaf. 

Proposition 3.7. The derived dual object \&(S'o) v is quasi-isomorphic to the pushforward of 
the structure sheaf of t~ 1 {xq) shifted by 3. 

Proof. Let a C £ be a basic triangle defining the toric chart U a . Then T(U a , ^/(Sq) v ) decom- 
poses as a direct sum according to path degree: for each weak path p G epAeo we have 

T(U a ,^(S ) v ) P := (e A 

V ft: ft^O a: 0->j / 

where is the path obtained by adjoining a boundary cycle to p and cob = and where 

each of the terms (eiA a ej) r is a k- vector space of dimensional one or zero, depending on whether 
or not r G eiA a ej. 

If up £ A a then the whole complex disappears and if p G A a then the whole complex remains. 
In both cases the homology is zero. Otherwise, we may consider the subcone a' C a generated 
by the rays p 6 11(1) such that the map (p(ujp) vanishes on E p . Let y a > denote the distinguished 
point in the torus-orbit determined by a', and write V y i = (v' a ) for the corresponding ^-stable 
^-module. The domains of the maps in ^(Sq) v that have positive degree for some p C a' 
will disappear in T(U a , ^(So) v ) p , so the complex T(U a , ^(So) v ) p will contain only those terms 
connected to (eo^l CT eo) W p by paths that do not evaluate to zero in the ^-stable ^-module V y i . 
If y a i G r -1 (xo), Lemma 13.11 gives that all arrows arriving at vertex evaluate to zero. In that 
case (eoA^eo)^ is the only nonzero term in the complex. Otherwise, the point y a > does not lie 
in t~ 1 (xq) and we claim that the complex has trivial homology. Assuming the claim, we then 
have that T(U a , ^ / (S'o) v ) is quasi isomorphic to 

kM3]- 

The intersection of r~ 1 (xo) and U a is the union of the torus orbits of the points y a > G t~ 1 {xq), 
the pco are precisely those cycles that are not zero on t _1 (xo). This implies that 

r(u a ,^(s ) v )^k[u (7 nT- 1 (x )}[3}. 

These isomorphisms determine the required quasi-isomorphism x I'(S'o) v — > ff T -i( Xo \][S]. 

It remains to prove the claim. Suppose that y a i ^ t~ 1 (xo). Lemma [BTTT ii) gives at least one 
nonzero arrow arriving in 0. If two nonzero arrows b$,bi have head at 0, then the stability of 
y a > implies we can find nonzero paths po,Pi such that b^po and b\p\ are nonzero cycles throught 
0. The cycles froPo^iPi and bipib^p^ are equivalent in A, so there is a sequence of relations 
that connects one to the other. All arrows bi inside the area bounded by the lifts of ftoPo^iPi 
and bipibopo in the universal cover must occur at the end of paths rbi equivalent to bopobipi, 
so these bi must be nonzero. Similarly the oj a b inside this area must be nonzero because they 
must occur in r's, otherwise we could not apply any relations {d a W \ a G Qi). However, if a 1 is 
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nonzero, then not all bi can be nonzero otherwise all uj a b would be nonzero and yet all a must 
be zero, contradicting stability of y a i. It follows that the bi that are nonzero for y a i form a 
segment and those are the terms that do not disappear in the third column. The terms that do 
not disappear in the second column are those that are behind 2 nonzero arrows 6j,6j+i. The 
first column always disappears. The connected subdiagram is as shown in Figure [TJ It follows 




Figure 1. A connected subdiagram in the quiver Q 

that the complex has trivial homology as claimed. □ 

To state the main result of this section, let S be any connected scheme of finite type over k 
with structure morphism f$: S Spec(k). Assume further that S is Cohen-Macaulay. Recall 
from [T5] that the dualising sheaf of S is u^s '■= /s(^Spec(ik))- If S is smooth and equidimensional, 
we have us = ujsidimS] where cos is the canonical line bundle of S. Given a closed immersion 
bp: F S, the structure morphism of F is simply /y o i F and hence up = ip^us- 

Proposition 3.8. The object ^(Sq) is quasi-isomorphic to the dualizing complex of t~ 1 (xq). 

Proof. Let F = t~ 1 (xq) denote the fibre over the torus-invariant point of X. Taking the derived 
dual of the quasi- isomorphism from Proposition 13.71 gives 

*(5 ) = RHom(i F# F , 0y)[3]. 

Grothendieck duality for the proper morphism l f : F -^-Y |15|, VII, Corollary 3.4(c)] gives 

where smoothness of Y and crepancy of r give uy — ^y[3]. □ 

Corollary 3.9. The object ^(So) ^ s a pure sheaf if and only ifr~ 1 (xo) is equidimensional. 

Proof. For d G {1, 2}, let F^ denote the subscheme of F = t~ 1 (xo) defined by the union of the 
d-dimensional irreducible components. Following the approach of Proposition 5.6] verbatim, 
we deduce from Proposition 13.81 that: 

(i) H- 2 (^(S )) = 0p 2 ®G Y {F 2 ); 

(ii) H- 1 (*(S ))=u Fl (F 2 ); 
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(iii) ff-*(*(5o)) =0 for 1,2. 
This gives supp(i^- i (^(5 ))) = supp(F;) for i = 1, 2 and supp^^^So))) = otherwise. □ 



4. The main result for nonzero vertices 

In this section we compute explicitly the object ^(Si) for any nonzero vertex i G Q whenever 
it has nonvanishing cohomology in degree zero. The key observation is that the support of the 
cohomology sheaf H°(^/(Si)) coincides with the unstable locus for an especially simple type of 
wall of the GIT chamber defining the moduli space Y = A4#. This enables us to complete the 
proof of Theorem II. 11 

4.1. Stability conditions and the Grothendieck group. Identify the space of dimension 
vectors Zq with the free abelian group ©j g Q ZS^ generated by the vertex simple A-modules. 
The vector space of stability conditions on the quiver Q becomes 



Q :=h: 0Z5i 
I ieQo 



E, eQo = o 



For i E Qo, it is convenient to introduce the hyperplane 

S± :={9eQ\ 0(5*) = 0}. 

We now express in terms of the Grothendieck group K(mod-A) of the abelian category 
mod-A Consider the bilinear form x' K (mod-A) x © iG Q ZSj — > Z defined by setting 

(4.1) x (a,/3) = ]T(-l) fc dimExt^a,/3) 

fegZ 

for a € K(mod-A) and j3 £ ©ieQo Since A has finite global dimension, the isomorphism 
classes of the indecomposable projective modules {[Pi] \ i £ Qo} generate K (mod-A). Moreover, 
for i, j G Qo and k € Z, we have Fxb\{Pi,Sj) = k for i = j and k = 0, and Ext^(Pj, Sj) = 
otherwise. It follows that (|4.ip is a perfect pairing. In particular, K(mod-A) is finitely generated 
and free with basis {[Pi] \ i € Qo} and the space of stability conditions is 

© = {E ieQo 9i[Pi\ e K (mod-A) ® z Q | £ ieQo = o}. 
Remark 4.1. With this description of stability conditions, we have that: 

(1) 9 = YljeQo Qjl-Pj] e ® nes m ^ ne hyperplane S 1 ^ for i 6 Qo if and only if 0, = 0. 

(2) the special stability condition defining Y = Ad$ is simply 

#=(l-\Q \)[P ] + J2[Pi\- 

i>0 

4.2. The wall and chamber structure. We now recall the consequences for the birational 
geometry of the fine moduli space Y = A4$ as we vary the stability parameter in 0. Recall that 
a stability parameter 9 £ is said to be generic if every #-semistable Amodule of dimension 
vector 1 = EiGQo ^ i * s ^"Stable. As is standard in GIT, the chamber C C containing a generic 
parameter 9 € is defined to be the set of all generic 9' € such that every ^-stable Amodule 
of dimension vector 1 is ^'-stable and vice- versa. 
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The following result is well known. In fact it differs from the statement of [SJ Lemma 3.1] or 
[W\ Remark 6.3] only in the observation that the chambers can be described purely in terms of 
torus- invariant A- modules; this observation was well known to the authors of those papers. 



Lemma 4.2. The space of stability parameters supports a polyhedral fan such that the GIT 
chambers are precisely the interiors of all top- dimensional cones in the fan. Moreover, every 
chamber is of the form 



for some generic parameter 9 6 O. 

Proof. For generic 9 G 0, the toric variety Mg has finitely many torus-invariant points, so there 
are finitely many torus-invariant 0-stable A-modules of dimension vector 1, each of which has 
only finitely many submodules. Thus, the nonempty open cone C is cut out by finitely many 
strict linear inequalities, so its closure C C is a rational polyhedral cone of full dimension. 

To prove that C is the GIT chamber containing 9, we proceed in three steps. First we prove 
that every ^-stable ^-module is ^'-stable for 9' € C. Equivalently, we must show that C equals 



One inclusion is obvious. For the other let 9' € C and let S C V y denote a submodule of the 
^-stable ^-module corresponding to a point y £ Y. The torus-action induces an isomorphism 
between V y and the ^-stable A-module V y > defined by the distinguished point y' in the torus-orbit 
containing y, so V y i has a submodule S' that's isomorphic to S. Since the torus-invariant ^-stable 
^-module Vq for any toric chart containing this torus orbit is obtained from V y i by setting certain 
maps to zero, it follows that any submodule S' C V y > is isomorphic to a submodule So C Vq. In 
particular, 9'{S) = 9'{S') = 0'(S ) > because 9' £ C, giving C C C" and hence C = C. This 
completes step one, and implies that M.g is an open subset of M.g> for 9' S C. Our second step 
is to deduce that A4g = A4g> for 9' € C, and for this we merely sketch the argument following 
[SI Lemma 3.1] or [191 Remark 6.3]. Suppose there exists y G M-e 1 such that a representative 
V y of the corresponding S-equivalence class of #'-semistable ^4-modules is not ^-stable. Since 9 
is generic by assumption, we may use the derived equivalence §q induced by the tautological 
bundle on M.q. Applying the argument of [3j §8] to any object E € D b {coh.{M.e)) satisfying 
<&e{E) = V y leads to a contradiction, giving Aig = M.qi as claimed. The third step is to observe 
that the equality of step two implies that AAqi = Mgi, so every 9' € C is generic and, moreover, 
that Aigi = Mg, so every ^'-stable A-module is ^-stable for 9' € C . In other words, C is indeed 
the GIT chamber containing 9 as required. 

It remains to prove that the faces of all possible cones of the form C C for some generic 9 
define a fan in 0. For generic 9, the moduli space A4g is isomorphic to its coherent component Yg 
(see Remark l2.4f 1)). so the chamber C containing 9 coincides with one of the GIT chambers for 
the torus-action on the afline toric variety that defines Yg J9j Proposition 2.14]. It is well known 
that the wall and chamber structure in the set of GIT stability parameters for a torus-action 
on an affine torice variety is determined a fan. □ 




9'(S) > for every nontrivial submodule S of every 
torus-invariant 9-stable A-module of dimension vector 1 





9'{S) > for every nontrivial submodule S of 
every ^-stable A-module of dimension vector 1 
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Definition 4.3. The GIT chamber decomposition for the consistent dimer model V is the fan 
from Lemma [4.21 A chamber C in is the interior of any top-dimensional cone in the fan, and 
a wall of a chamber C is any co dimension-one face of the closure C. 

Let C, C" C be adjacent chambers separated by a wall W = Cfl C, and choose parameters 
8 £ C, 8' £ C" and #o £ W in the relative interior of the wall. Since 8q nes hi the closure of 
C, the representations V y for y £ Y are all #o-semistable, and the natural projective morphism 
obtained by variation of GIT quotient 



sends y £ Me to the S-equivalence class of V y in the category of 6>o-semistable representations. 
Explicitly, f(y) = f(y') for distinct points y,y' £ Y if and only if the corresponding ^-stable 
A-modules V y ,V y i are strictly 6>o-semistable, anc l each contains a 6>o-stable submodule S C V y 
and S' C V y i such that both submodules and quotient modules are isomorphic: 

► 5 ► V y ► V y /S ► 

(4.2) - 

> S' > Vy' ► Vy'/S' ► 0. 

Definition 4.4. The unstable locus in Me for the wall W containing #o in its relative interior 
is the locus in Me parametrising strictly #o- sem i s t a ble representations. 

We now describe the classification of walls of a chamber C in terms of the geometry of the 
morphism /. First, since Me is isomorphic to the coherent component Ye for generic 9 £ as 
in Remark 12.4( 1). the proof of [9j Theorem 3.15] shows that / factors through the categorical 
quotient Ye . The same is true for Me' = Ye', so we obtain a diagram 

(4.3) Y e Y 9 ' 





Ye 

of projective toric morphisms. The following result is due to Ishii-Ueda [19J: 

Proposition 4.5 (Classification of walls). Let C be any chamber in with 8 £ C. Let W be 
a wall of C that contains 8o in its relative interior. Then W is either: 

• Type 0: / : Yg — >• Yg Q is an isomorphism onto its image, and the unstable locus for W 
is a connected union of compact torus-invariant divisors; 

• Type I: / : Y$ — > Yg contracts a torus-invariant (—l,—l)-curve £ to a point, and the 
unstable locus for W is the rational curve £; 

• Type III: f ' : Yg — > Yg contracts a torus-invariant Hirzebruch surface ¥ n to a torus- 
invariant rational curve, and the unstable locus for W is the surface ¥ n . 

Outline of the proof. The morphism / is determined by the line bundle Lyy '■= ®ieQ L 6 ^' 
which is nef precisely because 8q lies in the closure of the chamber C. There are two cases. If 
Lyy is ample, then / is an isomorphism onto its image and the wall is of type 0. Otherwise, the 
assumption that #o lies i n the relative interior of W implies that L\y lies in the relative interior 
of a facet of the nef cone of Yg. According to (the toric version of) the classification of facets 
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of the nef cone for a Calabi-Yau threefold by Wilson [2S], the morphism determined by any 
such line bundle either: (i) contracts a curve to a point; (ii) contracts a surface to a point; or 
(hi) contracts a surface to a curve. We say that the wall W is of type I, II or III if it induces 
a contraction of type (i), (ii) or (iii) respectively. Ishii-Ueda (191 Lemma 10.5] show that type 
II walls do not exist, completing the classification of walls into types 0, I or III as stated. The 
investigation of the unstable locus requires a much more delicate analysis, see |19|. §11]. □ 

Remark 4.6. The classification of walls is slightly simpler in the McKay quiver case [8] because 
the unstable locus for a wall of type is necessarily irreducible. Compare Examp le 14 . 1 2 1 b elow . 

4.3. Nonvanishing cohomology in degree zero. We can now establish the link between 
our calculation of H°(^(Si)) from Proposition 13.41 with the unstable locus of certain walls of 
the GIT chamber C containing 

Proposition 4.7. Let i G Qo be a nonzero vertex. The following are equivalent: 

(i) the sheaf H (^ (Si)) is nonzero; 

(ii) there exists a torus-invariant ^-stable A-module that contains Si in its socle; 

(iii) C n S^~ is a wall of the chamber C containing 

// one and hence any of these conditions is satisfied, then H°(^(Si)) = L^ 1 \z i where Zi is the 
unstable locus of the wall C n S^~. 

Proof. Proposition E3] establishes that H°(^(Si)) = L~[ 1 \z where Z = {y G Y \ Si C soc(V y )}, 
so H (ty(Si)) is nonzero if and only if there exists -^-stable A-module that contains S% in its 
socle. The proof of Lemma 14.21 shows that a ^-stable A-module contains Si in its socle if and 
only if a torus-invariant instable A-module contains Si in its socle, so (i) and (ii) are equivalent. 

To show that (ii) and (iii) are equivalent, suppose that the ^-stable A-module V y for y G Y 
contains Si in its socle. Stability implies that 6 (Si) > for all 9 £ C, giving 6 (Si) > for all 
9 G C . Then Si lies in the cone dual to C and C H S^ is a face of C. Since the top-dimensional 
cone 0_|_ lies in C and G + n S^~ is a co dimension-one face of + , it follows that C P is 
actually a wall of C . Conversely, assume that C P Sj~ is a wall of C for some nonzero vertex 
I G Qo. The unstable locus for the wall destabilises all -^-stable A- modules V y that contain Si as 
a submodule, and there must exist at least one such since the unstable locus is nonempty. This 
establishes the equivalence of (ii) and (iii). In fact it also demonstrates that the unstable locus 
for the wall C PI S^~ coincides with the locus Zi = {y G Y \ Si C soc(Vy)} from Proposition 13.41 
The final statement is now immediate from Proposition 13.41 □ 

Lemma 4.8. Let i G Qo be nonzero. Every wall of the form C n S^ is either of type or I. In 
particular, the support of H° (^ (Si)) is either a single (— 1, — l)-curve or a connected union of 
compact torus-invariant divisors. 

Proof. To prove the first statement we need only prove that a wall of the form C n S^~ for i ^ 
cannot be of type III. We suppose otherwise and seek a contradiction. Let Z denote the unstable 
locus of the wall. The morphism /: Ad$ — > Me induced by moving the GIT parameter into 
the wall contracts a surface to a curve. Let z G Z be a torus-invariant point. We know from 
[191 Lemma 10.1] that the fibre of this morphism over the torus-invariant point f(z) of the base 
curve is i P(Ext 1 (V 2 /5 i , S { ) v ) where 

(4.4) > Si ► V z > V z /Si ► 
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is the ^-destabilising sequence for V z . Since / contracts a divisor, [19, Lemma 10.4] shows 
that the dimension of the space Ext 1 (14/S'i, Sj) v counts the number of connected components 
of the boundary of the unique tile in the dimer model T corresponding to vertex i 6 Qo. But 
since the fibre is a curve, this means that the tile in the dual decomposition of the real torus 
corresponding to vertex i must have boundary with two components. But then the tile is not 
simply connected, contradicting the definition of a dimer model, so a wall of the form C n 
for i ^ is not of type III. The final statement is now immediate from Proposition 14.51 □ 

Remark 4.9. For the McKay quiver, Craw-Ishii [5J Proposition 9.3] prove that the unstable 
locus of a wall of type of the form C n is necessarily irreducible. However, this need not 
be the case for consistent dimer model algebras, see Example 14.121 

For any basic triangle t in E, let U T = denote the corresponding toric chart and write Vq 
for the torus-invariant instable A- module corresponding to the origin in U T . For any j G Qo, 
the unique generator of the line bundle Lj\u T is the section whose divisor of zeros is the label 
on a nonzero path in Vq from vertex to vertex j. The label is unique because the ^-module 
is torus- invariant. 

Lemma 4.10. Let £ be a (—1, — l)-curve in Y that arises as the unstable locus for a wall of type 
I of the form C fl for some nonzero i G Qo- Then Lj\i = &i for all j i and Lj\i = &e(l). 

Proof. Let t,t' denote the basic triangles that lie adjacent in the triangulation S such that the 
torus-invariant points of £ sit at the origin in the toric charts U T , U T > . Let Vb(r) and Vq(t') denote 
the torus-invariant -^-stable ^4-modules corresponding to the origin in U T and U T > respectively. 
Choose #o i n the relative interior of the type I wall C fl . The morphism f:Y$—> Yg induced 
by variation of GIT quotient contracts £ to a point, so /(Vb(r)) and /(Vo(t')) are S-equivalent. 
In particular, the ^-destabilising quotient modules for Vq{t) and Vo(t') are isomorphic: 

► Si ► V (t) ► V {t)/S 1 > 

(4.5) a 

>- Si >- Vb(r') ► V (r')/Si > 0. 

These quotient modules encode paths from vertex to any vertex j ^ i in Vq(t) and Vo(r'). Since 
they are isomorphic, the generating sections of Lj\u T and Lj\u , coincide, giving Lj\u T = Lj\u , 
for j ^ i. In particular, Lj\i = &i for all j ^ i. For the remaining case, note that i is not 
the zero vertex, so Ishii-Ueda |19l Corollary 11.22] shows that deg-Ljl^ is either or 1 for any 
j € Qo- Since Vq{t) ^ Vb(r'), we have Li\i ^ hence Li\g = ^(1) as required. □ 

Proposition 4.11. Let i £ Qo be a nonzero vertex. If H°(^f(Si)) is nonzero then 

*(Si)*Lri\ Zi 

where Zi is the unstable locus for the wall C fl S^ of the GIT chamber C containing d. 

Proof. Suppose first that the support of H°(^(Si)) contains a divisor. Proposition 14.71 implies 
that supp(#° (\P (Si))) is a divisor Di that coincides with the unstable locus for the type wall 
of the form C fl S^~. If Di is irreducible then the proof of [51 Corollary 5.6] can be adapted 
from the McKay quiver case to any consistent dimer model to give ^(Si) = L^ 1 \rj i - More 
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generally, even if Di is reducible, Ishii-Ueda [TH1 Corollary 11.15] prove that ^>{Si) = L 4 ~ 
giving ^f(Si) = L^ 1 \i) i as required. 

Otherwise, the support of H°(^(Si)) is a (—1, — l)-curve ti that coincides with the unstable 
locus for the type I wall C R S^. In this case, we compute directly that for k € Z, the k th 
cohomology sheaf of the object <&{L~ l \n i ) is 



H k ($(L-\)) =H k (RRom(T\L-\)) = H k (KT (T ® Lr\)) - H k (L^L;\). 

j'eQo 

For any vertex j 7^ i, Lemma [4.101 gives Lj ®L^ l \^. = 0£.(—l) which has vanishing cohomology. 
Thus, the only term in the direct sum that survives is the i = j term, leaving H k {^iL~ = 
H k (&£.) (g>k ej, where we tensor with e« to keep track of the ^4-module structure. Therefore 



I kei for k = 
j for k ^ 0. 

complex concentrated in degree zero, giving 

□ 



Thus, ^(L^ 1 !^) is quasi-isomorphic to Si = 
^f(Si) = as required. 

Proof of Theorem \l.l\ In light of Propositions 13. 7 \ 13.81 it remains to prove part (i). Let i € Qo 
be nonzero. Proposition S3] implies that H k {^(Si)) = for k {-1,0}. If H°(^(Si)) + 0, 
Proposition 14.111 shows that ^(Si) is quasi-isomorphic to the sheaf \z i where Zi is the 
unstable locus for the wall C R S^ . In particular, H~^(^l(Sij) = as required. □ 

Example 4.12. The dimer model Q shown in Figure [2] encodes the Jacobian algebra A whose 
centre defines the Gorenstein semigroup algebra k[cr v R Z 3 ], where a is the cone generated 
by vectors v x = (1,-1,1), v 2 = (1,0,1), v 3 = (-1,2,1), v 4 = (-2,2,1), v 5 = (-2,1,1), 
vq = (0, —1, 1). The height one slice of the cone a is the lattice polygon shown in Figure 3(a 




Figure 2. A fundamental domain for a dimer model Q 
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and the height one slice of the fan £ defining the toric variety Y = M$ for the stability 
parameter = (—9, 1, 1, 1, 1, 1, 1, 1, 1, 1) is shown in Figure [3(b) [ For 1 < p < 10, let E p denote 
the divisor in Y corresponding to the ray of £ generated by v p . For each a € Qi, the map 
4>(a) : -^t(a) ~~ * -^h(a) is multiplication by a section, and we label each arrow in Figure [5] with the 
divisor of zeroes of the section; we use the shorthand 126 = E\ + E2 + Eq. 



Va V3 V4 V3 




(a) (b) 
Figure 3. (a) Lattice polygon defining X; (b) Triangulation defining Y. 

These labelling divisors enable us to compute very simply all ten torus-invariant ^-stable 
^-modules, one for each basic triangle in Figure |3(b)[ For example, for the triangle r with 
vertices {^1,^2,^9}, the torus-invariant point is E\ Pi E2 P Eg, so to obtain the corresponding 
torus-invariant "^-stable A-module we need only set to zero every arrow in Q whose labelling 
divisor contains E\, E% or Eg. Vertices 2 and 7 are sinks for the resulting quiver, so S2 and 
S7 are submodules of the corresponding torus-invariant tf-stable ^4-module. In fact, S2 is a 
submodule of every torus-invariant instable ^4-modules, so Propositions 14.71 and 14.111 give 

^(S^) = ^2 \e 8 uE 9 - 

In particular, the wall of type zero of the form C Pi S2 has unstable locus equal to the reducible 
divisor E% U Eg. On the other hand, the triangles with vertices {v\,V2, vg} and {i>2, ^9,^10} 
are the only ones for which the corresponding ^-stable ^4-module has Si as a submodule, so 
Propositions 14.71 and 14.111 imply that 

Similarly, we have ^(Si) = L^ 1 \ E(i nE< ) and *(5 5 ) = L5 1 \ Es . 

5. NONVANISHING COHOMOLOGY IN DEGREE MINUS ONE 

In this section we investigate the sheaf H~ 1 (^(Si)) for i £ Qq. We recall the explicit calcu- 
lation of a filtration of this sheaf, and we use this to show that the every irreducible component 
in the support of H^ 1 ( 1 ^(Si)) is a compact, connected torus-invariant divisor in Y. 

5.1. The cohomology of wheels. Once and for all, fix i £ Qo and let m := m(i) denote the 

number of arrows in Q with head (equivalently, tail) at i. List the arrows in Q with tail at 

i € Qo in cyclic order as a\, . . . , a m , and list the arrows with head at i € Qo in cyclic order as 

b\, . . . , b m so that for all 1 < j < m, the arrow bj lies between a,j and a-j+i in the universal cover 
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as shown in [H Figure (7.5)]; we add indices modulo m. With this notation, the complex from 
Lemma 13,31 can be written as 




where we label each map of line bundles by an effective, torus-invariant divisor ,Dj + , D 3 - +1 
or Djj + i for 1 < j < m to indicate that the morphism is multiplication by a section whose 
divisor of zeroes is the given divisor. To preserve the cyclic order, note that D 3 is the label for 
v (a° p ) : ^h(a ) ~~ ^ ^i" 1 an d Djj+i 1S the label for V (6° P ) : L^ 1 — > y The relations give 

(5.2) />; . , + 1)> ■ 1 = />; • 1 + D j 

(5.3) in • • y />; '• /;,,., 

for 1 < j ' < m. 

List the transpositions of m letters as t\ = (fj,%, u{), ... ,r n = (/%, v n ) for n = (™) as follows. 
First list the transpositions of adjacent letters Tj = + 1) for 1 < j < m — 1. Set r m = (1, m), 
then list all remaining transpositions that involve 1 as Tj = (1, j — m + 2) for m+1 < j < 2m — 3. 
Finally list all remaining transpositions lexicographically, so t, = (/ij,i^) precedes Tj = (fj,j,Uj) 
if and only if ^ < fj,j or /ij = ^ and < Vj. Craw-Quintero-Velez [10] introduced this order 
to describe the cohomology sheaf in degree — 1 of a complex of the form (|5.ip . 

Proposition 5.1. For i G Qo, the support of H^ 1 (^(Si)) is of the form Ui<j<n where 
each subscheme Zj(i) CY is obtained as the scheme-theoretic intersection of a set of effective 
divisors in Y determined by the value of j as follows: 

(i) for 1 < j < m, the set comprises only two divisors, namely gcd(.Dj +1 , Z)j +1 ) and 

lcm (D\.. . , J D m ,gcd( J Dj+ 2 1 , J D^), . . . , gcdpj", D l m )) - lcm(^',^+ 1 ); 

(ii) for m + 1 < j < 2m - 3, the divisors are Iran (Z? 1 , D v \ D v ' +1 , D m ) - lcm(Z) 1 , D v ') 
and \cm(D l , D v *~ x , D u i) - \cm{D l ,D v i); 

(iii) for 2m— 2 < j <n, there are fij such divisors, namely \cm(D^, , D Vj )— lcm(D^ , D v i) 
for n e {1,... ,fij - 1}U {uj - 1}. 

Proof. Apply Theorem 1.1(2)] to the complex ^f(Si) from Lemma [3 . 3 1 labelled with divisors 
as shown in flEE]). The filtration im(<i 2 ) = F° C F 1 C • • • C F n = ker((i 1 ) on H^^S^Si)) is 
such that for 1 < j < n, the quotient F J /F^~ l has support equal to the subscheme Zj(i). □ 

This enables us generalise a result of Logvinenko [24} Lemma 3.4] to the dimer setting: 
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Corollary 5.2. For any i £ Qo, the support of ^f(Si) is connected, and each of its irreducible 
components is a compact torus-invariant curve or surface. 

Proof. The functor is an equivalence, so End D b( coh ( Y ))(^(Si)) — ^ n( ^D b (mod-A)(^i) — This 
implies that the support of ^(Sj) is compact and connected. Propositions 13.41 and 15.11 show 
that for any k € Z, the support of H k (^!(Si)) is obtained as an intersection of certain torus- 
invariant divisors in Y. Every irreducible component is therefore a torus-invariant subvariety 
of dimension at most two. In fact, a torus-invariant point never occurs, because if the support 
of ty{Si) were a torus-invariant point y £ Y, then Si = ^(^(Si)) = ${& y ) = V y is the instable 
A-module corresponding to y € Y, a contradiction. □ 

To prove Theorem ll.4l it remains to show that each component of the support of H~ 1 ( i if(Si)) 
has dimension two. It is convenient to depict the diagram of line bundles (|5.ip as a planar picture 
as in Figure [H this is the wheel of line bundles, denoted W% for i € Qo- The in-spokes in W% 




Figure 4. Diagram (|5.ip shown as a wheel of line bundles 

are the arrows pointing towards £7 , each of which is labelled by an in-spoke divisor for 
some 1 < j < m. The out-spokes are the arrows pointing away from , each labelled by an 
out-spoke divisor for 1 < j < m. Also, for 1 < j < m, the rim divisors Dj+\ and 

label the arrows from L7, N to L7 1 \ and L7, N respectively that form the rim of the wheel. 

t(bj) h(oj) h(a J+1 ) ^ J 

For any divisor Z? that labels an arrow in the wheel, we say that a compact, irreducible 
torus-invariant divisor E C Y is contained in D, denoted E C Z), if supp(E') C supp(D). 

Lemma 5.3. For i E Qo, a compact, irreducible torus-invariant divisor E is contained in the 
support of H~ l {^>(S,j)) if and only if: 

(i) (for 1 < j < m) E C £ C £>j +1 ; £ £ D* , E % D^ +1 and either E C for 

some /i € {1, . . . , m} \ {j,j + 1} or E C gcd(L>^ +1 , -D^ +1 ) /or some j ; + 1 < \i < m; or 
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(ii) (for m + 1 < j < 2m - 3) 22 % D x , 22 £ D"i , E C D v i~ x and E C D» for some 
Uj + 1 < [i < m; or 

(iii) (for2m-2 < j < n) E % D« , E % D v > and E C 2>' for all /i G {1, . . . , jtj— l}U{i/,— 1}. 

Proof. Remark [23^3) implies that the multiplicity of E in any of the divisors labelling an arrow 
in diagram (|5.ip is zero or one. We may therefore rewrite any condition from Proposition 15.11 
requiring E to lie in the difference of two 1cm divisors by the condition that E lies in precisely 
one of them; for example 

22 C lcm(f t , £>« , D"i ) - lcm (D^ ,D Vj ) EC lcm , £>"•< ) and 22 g lcm(D^ , £>"•*). 

It is then straightforward to deduce Lemma 15.31 from Proposition 15.11 □ 

Our next goal is to characterise precisely when a given divisor E is not contained in the 
support of ^f(Si) for a nonzero vertex i. First we present a technical lemma. 

Lemma 5.4. Ze£ i £ Qo and let E be a compact, irreducible torus-invariant divisor. Then 

(i) for each cycle in W» comprising an out-spoke, a rim arrow and an in-spoke, the divisor 
E is contained in one and only one of the divisors labelling these three arrows. 

(ii) if E is contained in some in-spoke divisor but not in another D k , then there exist 
indices fi,u with k<fi + l<j<u — 1 such that E is contained in gcd(D^ +1 , D^ 1 ) 
and the in-spoke divisors 2}^ +1 , . . . ,D U ~ X , but E is not contained in D 11 or D u . 

Proof. Part (i) is a restatement of Remark l2.4f 3). For part (ii), apply (i) to both cycles contain- 
ing the in-spoke labelled D j to obtain E C or£C U>~ x , and E C Dj +1 or E C D j+X . We 
define /x by considering the first pair. If E C 2}j_ x then we set fi = j — 1. Otherwise, E C . 
Part (i) gives either 22 C 2}j~ 2 > when we set /z = j — 2, or 22 C D^~ 2 , in which case we repeat the 
argument as necessary to obtain /i > k such that 22 is contained in 2}^ +1 , . . . , 2?- ?_1 but not D^. 
We define v similarly by considering the second pair, giving v <k — l such that D3+ 1 , D^ 1 
contain 22, but D v does not. In either case, we obtain 22 C gcd(2)^ +1 , D^ 1 ). □ 

Proposition 5.5. Let i £ Qq be nonzero. A compact, irreducible, torus-invariant divisor 22 is 
not contained in supp(^ / (S'j)) if and only if there exist 1 < fi < v < m such that the only divisors 
containing 22 that label edges in the wheel W% are: the in-spoke divisors ,...,D V ; the 
out-spoke divisors D vu +i, . . . , 2}„_i „; and the rim divisors D^~ x and D^ +l (see Figure^). 

Proof. Let 22 be a divisor that is not contained in the support of ^f(Si). We first show how to 
obtain the indices fj,, v for which 22 labels only the divisors in the wheel Wi as indicated. 

Suppose that 22 is contained in none of the in-spoke divisors. For all 1 < j < m, Lemma [5.4f i) 
implies that 22 is contained in either the out-spoke divisor Djj+i, or in gc ../>;• '). If the 

latter occurs for two or more indices, say for j, k with 1 < k < j, then Lemma [5.3f i) implies that 
22 C supp(22~ 1 (^ / (S'j))) which is absurd. If the latter never occurs, then 22 is contained in every 
out-spoke divisor Dip, . . . , D m> i, so Proposition 13.41 gives 22 C supp(22~ 2 (^I'(S'j))) and i = 
which is also absurd. Thus, there exists a unique index 1 < fj, < m such that 22 is contained 
in the out-spoke divisors D\ t 2, ... , 2? m _i jM , D^ l+ i 4l+ 2, ■ ■ ■ D m> i and the rim divisors D^ +1 and 
D^ +l ; this is the special case of the result with \i = v — 1. 
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Figure 5. Black arrows indicate divisors containing an E that does not lie in supp^^)) 

Otherwise, E is contained in at least one in-spoke divisor, say D J for 1 < j < m. Since E 
does not lie in supp(// (^I / (S'i))), Proposition 13.41 implies that some in-spoke divisor D x does 
not contain E, Lemma l5.4f ii) then produces indices fi, v with X<^ + l<j<u — 1 such that 
E is contained in the rim divisors -D^ -1 , -D^ +1 and the in-spoke divisors D^ 1 , . . . , D^^ 1 , but E 
is not contained in or D v . In light of Lemma l5.4( i). it remains to prove that E is contained 
in the out-spoke divisors D u ^ u+ i, . . . , D^-i^. We distinguish two cases: 

Case 1: Suppose that the in-spoke divisor D 1 does not contain E, so we may set A = 1. 
Now, E is not contained in any of the in-spoke divisors D u+1 , . . . , D m , otherwise Lemma l5.3f ii) 
with Vk = v implies that E C supp(-fT~ 1 ( v I / (S'i))) which is absurd. Similarly, E is not contained 
in gcd(-D^ +1 > -Cq+i) for all v < a < m, otherwise Lemma I5.3f i) with k = a implies that 
E C supp(-?/~ 1 ( x I'(S'j))) which is absurd. Lemma l5.4f i) then implies that E is contained in the 
out-spoke divisors D UtU+ i, . . . , D m ^. To show that E is contained in D\^-, ■ ■ ■ , -D^-i^, we argue 
by contradiction. Let a € {1, . . . , fi — 1} be the largest index such that E is not contained 
in the out-spoke divisor D a _i )0l . Since E is not contained in D^, Lemma l5.4f i) implies that 
E is contained in the rim divisor -D^-i- Moreover, E is not contained in D" -1 , otherwise 
Lemma I5.3( i) with k = a — 1 implies that E C supp(ff~ 1 (^ / (S'j))) which is absurd. Thus, 
E is contained in the in-spoke divisor D a , but this too is absurd because Lemma l5.3( ii) with 
ff. = a + 1 implies that E C supp(ff _1 (^(5i))). As a result, no such a exists after all, so E is 
contained in the out-spoke divisors D u>v +i, . . . , D^-\^ as required. 

Case 2: Otherwise, D 1 contains E. Then 1 ^ because none of D x , D^, D u contain 

E. Since A < fi+1 < v — 1, index 1 may lie in any of three possible intervals in the cyclic order: 
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Subcase (a): If A < 1 < fx, Lemma l5.4( ii) gives indices a, f3 such that all in-spoke divisors 
D a+1 , . . . , D x , . . . , D 13 ^ 1 contain E, whereas D a and D@ do not. But then Lemma l5.3f iii) for 
the transposition (/Xk,^k) = {P,ot) implies that E C supp(ff _1 ( x I'(5'j))) which is absurd. 

Subcase (b): If fj, < 1 < v, we claim that E is contained in D UtU+ i, . . . ,D^_i^. Indeed, if 
E is contained in D a for any v + l<a<[i — 1, we may again apply Lemma l5.3l f hi) to obtain 
supp(.ff 1 (^(S^))) which is absurd. Moreover, E cannot be contained in gcd(D®^ x , D^^i) 
for any v < a < fj, — 1, otherwise Lemma l5.3f i) implies that E C supp(i? _1 ( v I / (S'j))) which is 
absurd. Lemma l5.4f i) then shows that E is contained in D u>u+ i, . . . ,D^_i iAt as claimed. 

Subcase (c): If v < 1 < A, apply Lemma l5.4f ii) as in Subcase (a) to derive a contradiction. 

Thus, in either Case 1 or Case 2, the fact that E is not contained in supp( v I , (S'j)) forces 
the divisors in the wheel Wi containing E to be those indicated in Figure In the course of 
the above, we see that the converse statement holds for any configuration as in Figure [SJ □ 

Proposition 5.6. Let i £ Qo be a nonzero vertex. Every irreducible component in the support 
of H~ 1 (^(Si)) has dimension two. 

Proof. In light of Corollarv l5.2t we need only show that an irreducible component in the support 
of H~ 1 ( 1 if(Si)) cannot be of the form Eifl^, where E\ and E<i are torus-invariant divisors. We 
suppose otherwise and seek a contradiction. Neither E\ nor Ei is contained in supp-ff _1 (\I'(Sj)), 
otherwise E\ R-E^ wouldn't be an irreducible component. Moreover, H k {^t{Si)) = for k ^ — 1 
by Theorem ll.lf i). so neither E\ nor E<i is contained in the support of ^f(Si). The support 
of H~ 1 (^(Si)) is the union of the subschemes Zj(i) for 1 < j < n by Proposition 15.11 so the 
curve E\ n E<i lies in Zj(i) for some 1 < j < n. We claim that either E\ or E<i labels every 
outspoke in Wi and hence every out-spoke vanishes on the locus E\ n E2. Assuming the claim, 
Proposition I3.4f ii) implies that E\ n E2 lies in suppi^ _2 ( x I'(5'i)), but this contradicts the final 
clause in Proposition I3,4f ii) since i 7^ 0. This proves the result assuming the claim. 

We prove the claim via case-by-case analysis of the value of j according to Proposition 15.11 

Case 1: For 1 < j < m, assume without loss of generality that E± lies in gcd(-Dj +1 , Dj +1 ) 
and E 2 lies in 1cm (D 1 , D m , gcdpj'J^ ■ ■ ■ « S cd ( D ?i D D) ~ lcm(D^,D^ +1 ). Since E 1 

does not lie in supp( x I'(5'i)) and since E\ lies in both Dj +l and Dj +1 which label consecutive 
edges on the boundary of the wheel Wi, Proposition 15.51 implies that E\ labels every out-spoke 
in Wi except Djj+i. Now, since E2 is not contained in supp(^(Sj)) we have that either: 

(1) E2 is contained in gcd(-D^ +1 , D^ +l ) for some j + 1 < n < m. Proposition 15.51 then 
implies that E2 labels every out-spoke in Wi except D^+i, so E2 labels Djj+i; or 

(2) E2 is contained in for some 1 < fj, < m. Since E2 is contained in neither D 3 nor 
D 3+1 , Lemma l5.4l fi) implies that either E2 labels Djj + i, or E2 labels Dj + i and D j + . 
In this latter case, Proposition 15.51 implies that E2 labels no in-spokes, so it cannot label 

for some 1 < /U < m, a contradiction. Thus, E2 must label Dj after all. 
Thus, either E\ or E2 labels every outspoke in Wi which proves the claim for 1 < j < m. 

Case 2: For m + 1 < j < 2m — 3, assume without loss of generality that E\ is contained 
in lcm{D x ,D v i- x ,D v i) — lcm(Z) 1 , D v i) and E 2 is contained in lcm(Z) 1 , D u > , D U J +1 , . . . , D m ) - 
lcm(L> 1 , D v i). The condition on E\ means that Ei <l D 1 , E ^ D"j and E\ C D v i~ x . Now, since 

E\ is not contained in supp(^(5j)), Proposition 15.51 implies that Ei labels all of the out-spokes 
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D u . u . + i, D u -4-1,1/ -+2) • • • ,Dm,i- The condition on E% means that E2 % D and E2 % D v i , while 
E2 C for some Vj + 1 < n < m. Since £2 is not contained in supp^^)), Proposition 15.51 
implies that E2 labels all of the out-spokes -t>i,2, £>2,3j . . . , D Vj -i jU .. Thus, either E\ or E2 labels 
every outspoke in W% which proves the claim for m + 1 < j < 2m — 3. 

Case 3: Finally, for 2m, — 2 < j < n, the curve E\ n E2 is contained in the intersection 
of the divisors lcm(^, £>W , D v i) - \cra{D^,D v i) for fj, e {1, . . . , fij - 1} U {i/,- - 1}. At least 
one of Ei , £2 is contained in the divisor with index Uj — 1, and if both are then at least one 
is contained in a divisor with index fj, £ {1, . . . , fij — 1}. Thus, we may assume without loss of 
generality that E\ is contained in a divisor with index /i £ {1, . . . , /Xj — 1} and E2 is contained 
in the divisor with index Vj — 1. This means firstly that £1 C £1 jD^-» and £1 ^ D V K 
Since E\ is not contained in supp( v I / (S'i)) and since are in cyclic order, Proposition 15.51 

implies that E\ labels all of the out-spokes D^.^4.1, ■ ■ ■ , D Vj ^\^ Vy Secondly, it means that E2 
labels the in-spoke divisor D u i and does not label the in-spoke divisors D^i and D Uj . Since 
E2 does not lie in supp(^(5j)) and since [Xj, Uj — 1, Vj are in cyclic order, Proposition 15. 51 implies 
that E2 labels all of the out-spokes D v . Vj+ \, . . . , D^.-x^.. Thus, either Ex or E2 labels every 
outspoke in W% which proves the claim for 2m — 3 < j < n. □ 

Proof of Theorem \l-4\ This follows from Propositions 13. S\ 14.111 and 15.61 □ 
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